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A Banach space is said to be approximately finite-dimensional if it has a 
nonstandard hull linearly isometric to a hyperfinite-dimensional Banach space or, 
equivalently, if an ultrapower is linearly isometric to an ultraproduct of linite- 
dimensional spaces. It is shown that the space C(K) of continuous functions on a 
compact Hausdorff space K is approximately finite-dimensional if and only if K is 
totally disconnected and contains a dense subset of isolated points. 
1. INTRODUCTION 
The concept of the nonstandard hull of a Banach space was introduced by 
Luxemburg in 1967 [ 151 and the theory of nonstandard hulls has been 
developed extensively, primarily by Henson and the author [I], [7-121. The 
rich theory of ultraproducts and ultrapowers of Banach spaces, introduced 
by Dacunha-Castelle and Krivine in 1971 [2] and developed by them and by 
Stern [ 17-201 and by Heinrich [4-61, can be considered as part of the study 
of nonstandard hulls. In particular every ultrapower of a Banach space is 
linearly isometric to a nonstandard hull of that space and every ultraproduct 
of Banach spaces corresponds, in the same way, to the hull of an internal 
Banach space. 
Of particular interest are the hulls @ of internal spaces W which are *- 
finite-dimensional. The hulls I@ are called hyperfinite-dimensional Banach 
spaces and correspond to ultraproducts of finite-dimensional spaces. 
Although hyperfinite-dimensional Banach spaces can be quite large, they are 
amenable to finite-dimensional techniques applied to the underlying internal 
spaces. A Banach space E is called approximately fmite-dimensional if a 
nonstandard hull ,!? of E, formed with respect to an K,-saturated nonstandard 
extension, is linearly isometric to a hyperfinite-dimensional Banach space. 
Henson has shown the following [ 91: 
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PROPOSITION I [Henson]. For a Banach space E the hollowing are 
equivalent: 
(i) E is approximate~~nite-dimensional, 
(ii) An u~trapower of E is lineariy isometric to an ~ltraprod~~t of 
finite-dimensional Banach spaces, 
(iii) For every positive bounded sentence a which is approximately true 
in E and every approximation a: of a, there is a~nite-dimensional ~anach 
space in which ai holds. 
The notions of positive bounded sentence, approximations of such a 
sentence and approximate truth are relative to a first-order language 
introduced by Henson in [9] and are reviewed in Section 2. In particular, 
condition (iii) of the above proposition is the motivation for the term 
“approximately unite-Dimensions,” 
EIenson showed in [ 71 and [ 91 that each of the real lP spaces 1 < p < co is 
approximately finite-dimensional. Indeed if the nonstandard extension has 
the &-isomorphism property and k is an infinite positive integer, then & is 
linearly isometric to L(k). There are comp~atively few additional positive 
results. By simple cardinality arguments every Hilbert space is approx- 
imately finite-dimensional. Other positive results deal with spaces E 
constructed to have nonstandard hulls linearly isometric to a given 
hyper~nite-Dimensions Banach space. In particuiar Henson and the author 
have investigated the hulls of *l,(k), where q is an ininfinite positive 
nonstandard real number and k is an infinite positive integer [ 131. (These are 
interesting examples of abstract M-spaces without a strong unit.) The first 
negative result was given by the author in ] 16 ] where it is shown that c, is 
not approximately finite-dimensional. 
In the present paper we characterize the approximately finite-dimensional 
C(K)-spaces, the space of real-valued continuous functions on a compact 
Hausdorff space with the maximum norm. Henson ]9] has described the 
compact Hausdorff spaces K such that C(K) has a nonstandard hull linearly 
isometric to a nonstandard hull of I, and so linearly isometric to r,(k) for 
positive infmite k. In particular, each of these spaces is approximateiy finite- 
dimensional. 
PROPOSITION 2 [HensonJ. If K is a compact Hausdorfl space, then 
C(K) has a nanstandard hull ~inear~ isometric to a nonstandard hull of I, (.f 
and only if K is totally disconnected and has a dense subset of isolated 
points. 
This result shows that the space c of convergent sequences with the 
supremum norm is approximately finite-dimensional. 
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The purpose of the present paper is to show that the C(K)-spaces 
described in Proposition 2 are the only ones which are approximately linite- 
dimensional. 
THEOREM. If K is a compact Hausdorfl space then the foilowing are 
equivalent: 
(i) C(k) is approximately Jnite-dimensional, 
(ii) K is totally disconnected and has a dense subset of isolated points, 
(iii) C(K) has a nonstandard hull linearly isometric to a nonstandard 
hull of I,, 
(iv) C(K) has a nonstandard hull linearly isometric to a space i,(k), 
where k is an infinite positive integer. 
An immediate consequence of the theorem is that neither C[O, 1 ] nor 
L, [0, 1 ] is approximately finite-dimensional. 
2. PRELIMINARIES 
Let E be a real Banach space considered as an element of a set-theoretical 
structure M and let *JY be an EC,-saturated nonstandard extension. Recall 
that the nonstandard hull of E is the vector space quotient l? of fin(*E) = 
(p E *E: ]] pJ( is finite } by p(O) = (p E *E: ]] pII is infinitesimal}. If z is the 
canonical quotient map of fin(*E) onto E’, then the norm on E is given by 
II7c(p)ll = st(]] pII), where st is the standard part map. Since *JY is H,- 
saturated, E is a Banach space in which E may be embedded by the iden- 
tification of n(*x) with x for all x in E. 
Let 9 be a family of Banach spaces in M and let W be an element of 
*9, i.e., W is an internal Banach space. We form the hull I@ of W by setting 
6’ to be the quotient of fin(B’) = {p E W: I] pII is finite} by p,(O) = 
{p E W: ]I pjJ is infinitesimal}. Again I&’ is a Banach space under the norm 
114~)ll = st(ll PII), h w  ere h ere 71 is the quotient map of fin(w) onto I#‘. If we 
take W= *E, then the nonstandard hull of E described above is a special 
case of this construction. Let d be the family of finite-dimensional Banach 
spaces in M. If W belongs to *6, then W is called *-jmite-dimensional and 
I@’ is called a hyperftnite-dimensional Banach space. For basic information 
on the nonstandard hulls the reader is referred to (211. For a good survey of 
work in ultrapowers and ultraproducts see [5]. 
We examine more carefully one particular family of hypertinite- 
dimensional Banach spaces. Let k be an infinite positive integer and *l,(k) 
be the *-finite-dimensional Banach space of all internal functions p from 
(1, 2,..., k} to *IF? with norm llpll = max{]p(j)]: 1 <j< k}. Then 
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p E fm(*l,(k)) if and only if p(j) is finite for 1 <J’ < k and p is in ~(0) 
exactly when p(j) is infinitesimal for each j. It follows that each element 
r(p) of la(k), the hull of *l,(k), may be considered as an element of 
I,({ 1, L.., k}) by setting r(p)(j) = st p(j), 1 <<j < k. Clearly, the quotient 
norm on n(p) is the same as the norm on n(p) considered as an element of 
I,(( 1, 2 ,..,, k}). Thus i,(k) may be considered as a subspace of 
I,({ 1, L.., k)). It is easy to check that under this identification, f,(k) is the 
closed linear span of the characteristic functions of the internal subsets of 
( 1, 2 ,..., k}. 
Let L be a first-order language whose nonlogical symbols are a binary 
function symbol +, two unary predicate symbols P and Q and for each 
rational number r a unary function symbol f,. Each real Banach space is 
regarded as an L-structure by taking fE to be addition on E, by setting PE = 
(x: ]]x]] < 1) and QE = {x: ]]x]] > 1) and by taking (f,), to be the operation 
of scalar multiplication by I for each rational number Y. A term t in L may 
be considered as an expression of the form r,xz + r2xz + . . - + r,,x,, where 
r, , r2 ,..., rn are rational and xi, x2,..., x, are variables. Then the inter- 
pretations in a Banach space E of the atomic formulas P(t) and Q(f) with 
aI , a2 ,..., a,, assigned to x,,x2,...,x, are IIrla, + r2a2 + . . . + r,a,l( < 1 and 
(Ir,a, + r2a2 + .a- + man ]( > 1, respectively. A positive bounded formula in 
L is one which can be built up from atomic formulas using conjunction, 
disjunction and the bounded quantifiers (3x) (Px A .‘= ) and (Vx) (Px- ... ). 
Now let c be a positive bounded formula of L and let m be a positive integer. 
We obtain u,’ from u as follows: for atomic formulas (i) replace t = s by 
P(m . (t - s); (ii) replace P(t) by P((1 - (l/m)) . t); (iii) replace Q(t) by 
Q<<l + (l/m>) . f>. F or more complex formulas let (cr A r), = 0; A r;, 
(aVr);=a;Vs;, (3x) (Px A a); = (3x) (Px A u;>, (Vx) (Px -+ a>; = 
(Vx) (Px -+ uz) and proceed inductively. For details the reader is referred to 
191. 
Next we consider nonstandard hulls of C(K)-spaces. Let K be a compact 
Hausdorff space and let r be the completion of *K under the uniformity 
generated by the pseudometrics d(x,y) = SC If(x) -f(v)], where f ranges 
over fin(*C(K)). Henson has shown [9] that I- is again a compact Hausdorff 
space and C(K)- may be identified with C(L), i.e., the nonstandard hull of a 
C(K)-space is again a space of the same type. (Heinrich has proved the 
converse [6]. If E is a Banach space with a nonstandard hull which is 
linearly isometric to a C(K)-space, then E itself is linearly isometric to a 
C(K)-space.) We use the identification of C(K)- and C(T) without further 
comment. We also note that if K has a dense subset K, of isolated points, 
i.e., if C(K) is a completely atomic Banach lattice, then *K, is a dense subset 
of isolated points in r. The converse holds as well. If K does not have a 
dense subset of isolated points, then there exists 0 < g E C(K) with I( g/l = 1 
and the support of g contained in the complement of the closure of the set of 
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isolated points. It follows that g dominates no atoms in C(K), and using the 
Transfer Principle, n(*g) dominates no atoms in C(T). Hence r does not 
have a dense subset of isolated points. 
3. PROOF OF THEOREM 
In order to prove the theorem it is sufficient to show that (i) implies (ii). 
We begin by showing that if K does not contain a dense subset of isolated 
points, i.e., if C(K) is not completely atomic, then C(K)* is not linearly 
isometric to a hyperfinite-dimensional Banach space. The argument is by 
contradiction. We assume that such an isometry exists and show this violates 
an internal maximality condition. 
Assume there is a linear isometry of C(K)A onto a hyperfinite-dimensional 
Banach space I@. Clearly we may assume W is an internal subspace of *I,, 
but since I, is finitely represented in c,,, we may assume W is contained in 
*co. Indeed we may assume that the elements of Wall have the same *-finite 
support, i.e., for some infinite positive integer k there is a linear isometry Cp 
of C(K)- onto I@, where W is an internal subspace of *l,(k). 
Let I be the constant function 1 in C(K). Pick u in W such that.11 u[I = 1 
and @(x(*1)) = z(u). We show next that, by changing the isometry if 
necessary, we may assume that u is the characteristic function of 
(j: 1 <j< k}. Note that if g E *C(K) with 11 gll = 1, either 1) *I + gll = 2 or 
11 *I - gll = 2. It follows that for each w  in W with ([w/I = 1 either 
II n(u) + n(w>ll = 2 or [In(u) - 7c(w)ll = 2. Hence for each finite positive 
integer n and each w  in W of norm one there exists j with Ilu(j)l - 11 < l/n 
and 1 Iw(j)1 - 11 < l/n. Thus there exists a positive infinite integer m such 
that for each norm-one element w  of W there exists j, 1 <j Q k, with 
IIu(j)l- II< l/m and )Iw(j) - 11 < l/m. Let Z={j:l<j<k and 
IIu(j)l- 11 < l/m} and let R be the *-linear map of W into *I,(Z) which 
restricts each element of W to 2. Define the *-linear map Q on W by setting 
Q(w) to be the pointwise product of R(w) and u, where u(j) = l/u(j) for all j 
in 2. By the remarks above II R II z 1 and since I u(j)( x 1 for all j in Z, we 
have II Q I( z 1. Thus if W’ is the image of W under Q, C(K)- is linearly 
isometric to @’ under the isometry obtained by composing @ with Q, where 
&n(w)) = z(Q(w)). Under this isometry the image of n(*I) is n(y), where y 
is the characteristic function of Z. Identifying Z with an initial segment of 
*N, we see that we may assume @(*I) is the image of the characteristic 
function of (j: 1 Q j < k}. From now on we make this assumption. 
Now we give I!’ the Banach lattice ordering Q induced by the isometry 
from C(K)-. This ordering is closely related to the ordering @ inherits as a 
subspace of f,(k). 
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LEMMA 1. If w E fin(W) then Z(W) > 0 if and only if st w(j) > 0 for all 
j, l<jjk. 
Proof. Assume I( wil = 1. Then n(w) > 0 if and only if /x(w) - n(u)lJ < 1 
and this holds exactly when st w(j) > 0 for all j, 1 <j <k. 
We are ready to give the maximality argument. In the following definition 
E is a positive real number less than l/SO. 
DEFINITION. (i) An element p in IV is said to be nice if // pI[ = 1 and 
p(j) > --E for 1 <j < k. 
(ii) An internal subset S of nice elements of W is said to be useful if 
p1 Y pZ E S and pI f p2 imply II P, + PAI G 514. 
Note that the concept of a useful set is an internal notion. Also note that if 
p, and p2 are distinct elements in a useful set then 11 pi - pZJj > 3/4. (Recall 
that the norm on W is the maximum norm of *Z,(k).) Since W is *-finite- 
dimensional, there is an integer m in *N such that all useful subsets of W 
have *-cardinality less than m. Now if d is a useful set of maximal *- 
cardinality, we obtain a contradiction by const~cting a useful set with one 
more element than 6. First we construct a useful set 8’ of the same *- 
cardinality as d by repiacing each element p of d by an element p# which is 
smaller in a appropriate sense. The set 6’ has the property that for a certain 
positive number y, distinct elements py, p;’ of &’ satisfy 11 p’: + pTI[ < 5/4 - y. 
With this room to maneuver, we construct a larger useful set by exploiting 
the fact that K does not have a dense subset of isolated points. 
The following lemma isolates the property of C(K)-spaces we need: 
LEMMA 2. Let X be a compact Hausdorff space and let f be a non- 
negative norm-one function in C(X). Let g be a function in C(X) such that 
0 < g < f and the support of g is contained in {x E X: f(x) > 7/S}. Then for 
all h satisfyjng conditions (a), (b) and (c) below, we have 11 g + h f/ < H/16. 
(a) h is non-negative with )I h (1 < 1, 
(b) llh +f II G g/8, 
(c) ifO~zzhaandIIzIf~1/3,thenIlf+zII~l7/16. 
ProoJ Assume h satisfies (a), (b) and (c). If f(q) > 7/8 and h(x,) + 
f(xJ > 17/16, then h(x,) > 17/16 -f(x,) and h(x,,) < 9/S - 718 = 
l/4 < l/3. So we may construct z in C(X) such that 0 < z <h, z(xO) = h(x,) 
and llzll < l/3. (Let z = inf(h, l/3).) Then z(x,J + f(q) = h(x,) + 
f&J > 17/ 16 and 11 z + f (/ > 17/l 6 which contradicts (c). Thus g(x) + h(x) < 
f(x) + h(x) < 17/16 for all x in the support of g and 11 g + h 11 Q 17/16. 
We use Lemma 2 to give an internal description of p# for nice p in W. 
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LEMMA 3. If p E W is nice, there exists p# E W such that p# is nice, 
p”(j) <p(j) + 2~ for all 1 <j <k and for r satisfying (a’), (b’) and (c’) 
below we have IIp”+ r11< 17/16 + E. 
(a’) IIrll<l andr(j)>--EforaZZ l<j<k, 
(b’) II r + PII < 9/8 - 6, 
(c’) if s E W, --E < s(j) < r(j) + 2.5 for all 1 <j < k and’ /I s[I < l/3, 
then llp+sll< 17/16--s. 
Proof. Recall that we have identified C(K)- with C(T). Pick f of norm 
one in C(T) so that @(f) = n(p)‘. Now pick g in C(T) satisfying the 
conclusion of Lemma 2 for this f and pick q E W such that I( 911 = 1 and 
Q(g) = r(q). It follows from Lemma 1 that q is nice. Again by Lemma 1, 
since n(q) < n(p)’ < n(p) + &X(U), it follows that q(j) <p(j) + 2~ for all 
l<j<k. 
Suppose r satisfies (a’), (b’) and (c’). We want to show 114 + r-11 < 
17/16 + E. By (a’) we may select h in C(T) such that 11 h II < 1 and 
@P(h) = n(r)‘. By (b’) 
/IA +f II = IlM+ + 7W+ II G IIn@9 + WI + E 
since both z(r) and n(p) are bounded below by --Ez(u). Since 
Ilr+pll<9/8- E, it follows that II h + f II < (9/8 - E) + E = 9/8. 
So far we have shown that h satisfies conditions (a) and (b) of Lemma 2. 
We show now that it also satisfies (c). Let z E C(T) with 0 <z <h and 
llzll< l/3. Pick s E W such that n(s) = @p(z) and llsll< l/3. Then 0 < x(s) < 
z(r)+ < n(r) + &Z(U), so --E < s(j) < r(j) + 2~ all 1 <j < k. By (c’) we have 
thatIlp+sll~17/16-&.HenceIlf+zll=)IIr(p)++K(s)IJ~st)Ip+s(I+&~ 
(17/16 - E) + E = 17/16. Thus h satisfies (a), (b) and (c) of Lemma 2 and so 
(Ig+hll< 17/16. It follows that St II 4 + 111 = II @(g) + n@)ll < 
)I g + hII < 17/16 and 114 + rll< 17/16 + E. Setting p#= q, we complete the 
proof. 
In the next lemma we show that if p is nice and p# satisfies the conclusion 
of Lemma 3, then p# is enough smaller than p to enable us to carry out the 
argument. Here p is real with 2s </I < l/16 - 2~. (Recall E < l/80, so 
5~ < l/16.) 
LEMMA 4. Let p E W be nice and let p’ satisfy the conclusion of 
Lemma 3. Let f, g E C(T) such that Ilf II = II gll = 1 and @p(f) = n(p), 
Q(g) = n(p”). Zf x E T and l/8 <f(x) < 213, then g(x) <f(x) - l/16 +p. 
Proof. Suppose to the contrary that for some x,, in r, l/8 Q f(x,) < 213 
and g(xJ > f(x,)- l/16 +p. Then B = {x:f(x) ( 2/3 + l/16 - 2s) is an 
open set and, since 2s < l/16, we have that x,, is in d. Also 
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0 < (9/8 - 2/3) -E < 9/8 -f(x,) -E ( 1 -E, so we may construct h in 
C(T) such that h is non-negative with JlhJJ < 1, the support of h is contained 
in 8, 0 < h(x,) = 9/8 - f(x,,) - E and (Ih +SII < 9/8 - E. (Construct d in 
C(T) so that d is positive of norm one, d has support in B and d has value 
one on {x: f(x) < 2/3}. Let h be the product of (9/8 - E -f)’ and d.) 
Pick r in W so that Q(h) = n(r). Then st (I rll< 1 and st I( r + pI( < 9/8 - E. 
Multiplying r by a scalar infinitesimally close to one and subtracting an 
infinitesimal multiple of u if necessary, we may assume l/r/i < 1 and 
II r + pJ/ < 9/8 - E. It follows that r satisfies (a’) and (b’) of Lemma 3. We 
show that r also satisfies (c’). Suppose s is in W with --E <s(j) < r(j) + 2~ 
for 1 ,<j< k and JIs(I < l/3. Pick z in C(T) so that Q(z) = rc(s) ‘. Then 
llzll G IIesIl G l/3 and z < h + 2~. If x belongs to r and h(x) > 0, then 
z(x) +f(x) < l/3 + 2/3 + l/16 - 2s = 17/16 - 2s. If h(x) =o, then 
z(x) +f(x) < 2s + 1 and, since 5s < l/16, we have z(x) +f(x) < 17/16 - 2s 
which implies [In(s) + rr(p)II < 17/16 - 2~ and (Is +pll < 17/16 -E. Hence r 
satisfies (a’), (b’) and (c’) of Lemma 3, so JIp# + rll < 17/16 + E. But h(x) + 
g(x)>h(x)+f(x)-1/16+P>9/8-c-1/16+/3=17/16+~-s. Then 
st )Ip#+ rll> 17/16 +p- E > 17/16 +E (since p > 2~) and lip*+ r/l > 
17/16 + E which is a contradiction. 
We are ready to carry out the maximality argument described above. 
Assume that K does not have a dense subset of isolated points, and so, r 
also fails to have a dense subset of isolated points. 
As above let d be a useful family of nice elements of W such that the *- 
cardinality of d is maximal. Let 6’ be an internal subset of nice elements 
formed by selecting one element p’ for each p in R, where p9 satisfies the 
conclusion of Lemma 3. We assert that &’ is again useful with the same *- 
cardinality as 6. To see this let p1 and p2 be distinct elements of & and pick 
f,, fr, f f,, f;’ in C(T) so that @vi) = n(pi) and @(Jr) = n(p”), i = 1, 2. 
Then /Ifi + f211 < 5/4. Suppose for some x in r l/8 <f,(x) < 2/3. Since 
f2(x) < 5/4 -f,(x), by Lemma 3, f r(x) (f*(x) + 2s and by Lemma 4, 
f:(x)< f,(x)- 1/16+/I. Thus we have f~(x)+f2#(x)~fi(x)+fZ(x)- 
l/16 + p + 2s < 5/4 - l/16 + p + 2~. Similarly if l/8 <f*(x) < 2/3 we have 
the same conclusion. If f,(x) < l/8 then f t(x) < l/8 + 2~ and f;‘(x) + 
j-f(x) < 9/8 + 2~. If f*(x) < l/8, we have the same conclusion. The other 
case of both fi(x) > 2/3 and f*(x) > 2/3 cannot occur since this would imply 
Ilf, +fzll > 4/3 > 5/4. N ow y = l/16 - p - 2~ is positive and real and 
1) f 7 + f f/I < 5/4 - y. It follows that f r# f r, so the *-cardinality of &’ is 
the same as that of g, and &’ is useful. 
We may repeat the process of replacing & by 8’ any finite number of 
times, obtaining, say, g(l), gc2),... E(j). If p =p”’ belongs to d = g(i), let 
P (2) ,***, p (j) be the corresponding elements in Kc*),..., E?j). For a given p let 
f’l’, f’2’ ,..., f (j) be elements of C(r) such that @(f (“) = ~(p”‘), i = 1, 2 ,..., j. 
Let 6 = l/16 -p and assume that j is sufliciently large that jS > 2/3 - l/8. 
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For a given x in r if l/8 <f’“(x) < 2/3 then f’“(x) <f”‘(x) - 6. If 
l/8 <f’*‘(x) then f’“‘(x) <.f”‘(x) - 6 <f”‘(x) - 26 and so on. If 
f”‘(x) ( l/8 for some i, then f”“‘(x) < l/8 + 2~. If f”C1’(x) > l/8, it is 
reduced at the next step. Thus if f”‘(x) < 2/3, we have f”‘(x) < l/S + 2~. 
Now let @ be the complement of the closure of the isolated points in r. 
Consider two cases: 
Case I. For some x,, in @ and for some p,, in d = @I), we have 
.&(x0) > W, where @(.A) = n(po>. 
Case II. For every x in d and every p in 6, f(x) < 213, where 
@(“f-~ = 71(P)* 
We consider Case I first. Let U = bf? {x E r:&(x) > 2/3}. If p E g, 
P f p. and @(.f) = X(PL we must have f(x) < 2/3 for all x in U. Thus after j 
steps, if 4 is in g (j), if q #pr) and if Q(g) = n(q), we have g(x) < l/8 + 2s 
for all x in U. Construct hi, ht in C(T), both non-negative of norm one with 
support in U, such that the support of h, is disjoint from the support of h, . 
(This is possible since U contains no isolated points.) Pick ri, r2 in W of 
norm one such that n(r)) = @(hi) i = 1, 2. Note that rl and r2 are nice. Let %! 
be the family obtained from K(j) by removing py’ and adding both r, and r2. 
We assert that %’ is useful. If q belongs to g(j), if q # pl;” and if 
@( &?I = +I)* then st//rj+q//=llhi+gl/~l+f1/8+2&<5/4 and 
Ijri+q// < 5/4 for i= 1,2, and stlIr,+r,/I=lIh,+h,l/=l implies 
/Ir, + r2)I < 5/4. Since K-(j) is useful, it follows that % is useful. But the *- 
cardinality of % = 1 + *-cardinality of 8 (j) = 1 + *-cardinality of 6, which 
is a contradiction. 
The argument in Case II is similar except that no elements need to be 
removed from g(j) and only one new element needs to be added. 
In order to complete the proof of the theorem, it is sufficient to show that 
if K has a dense subset of isolated points, i.e., C(K) is completely atomic, 
and if C(K)* is linearly isometric to a hyperfinite-dimensional Banach space, 
then C(K)- is linearly isometric to f,(n) for some positive infinite integer ~1. 
Again assume Q, is a linear isometry taking C(QA = C(T) to @, where IV 
is an internal subspace of some *f,(k). As before we may assume that 4i 
takes the constant one function onto n(u), where u is the characteristic 
function of { 1, 2,..., k). Note that Lemma 1 still holds. At this point we 
appeal to the authors’s paper [ 161. Following the argument in Lemma 14 of 
that paper and observing that these arguments only depend on the 
assumption that the space in question is a completely atomic abstract M- 
space, we conclude that there is an internal subset 5’ of norm-one elements of 
W such that e is a positive norm-one atom in C(T) (i.e., the characteristic 
function of a singleton set {x), where x is isolated) if and only if Q(e) = n(s) 
for some s in S. 
10 L.C.MOORE 
For each s in S let j, be the first j, 1 <j < k, such that s(j,) = 1. Note that 
the function taking s to j, is internal and one-to-one. Since C(T) is 
completely atomic, if IIn(q)ll = 1 for some q in I?‘, there exists s in S such 
that either (a) stIJq+s/=2 and st([q-22sl(<l or (b) stllq--s/l=2 and 
st I( q + 2~1) < 1. It follows that for this s we have Iq(j,)l z 1. Thus replacing 
each element in W with its restriction to { js: s E S} and identifying the set 
{ js: s E S} with an initial segment {j: 1 <j < 0} of *N, we may assume that 
the elements of W have support in { js: s E S} = ( 1, 2,..., B}. 
Given the identifications described above, we assert that @= i,(e). To 
see this let A be a non-empty internal subset of { 1,2,..., 0} and let E be a 
positive real number less than l/10. Consider the internal family B of 
internal subsets B of A such that for some q in W (q depending on B) 
1 - E < q(j) < 1 + E for j in B and I q(j)1 < E for j not in B. By the remarks 
above all singleton subsets of A belong to 9. Since A is *-finite, there exists 
an element M in 9 of maximum *-cardinality and a corresponding element t 
in W such that 1 - E < t(j) < 1 + E all j in M and I t(j)] < E otherwise. 
Pick g in C(T) such that Q(g) = n(t). It follows from the fact that the 
isolated points are dense in r and the correspondence of atoms in C(T) and 
@ described above, that for each x in r we have that either 1 - l/5 < g(x) < 
1 + l/5 or 1 g(x)1 < l/5. Thus {x: 1 - l/5 <g(x) < 1 + l/5} is both open 
and closed in r and is non-empty since A4 is non-empty. Consequently, there 
exists h in C(T) such that h(x) = 1 if 1 - l/5 < g(x) < 1 + l/5 and h(x) = 0 
otherwise. If r belongs to W such that Q(h) = z(r), then it is clear that 
r(j) =: 1 for all j in M and r(j) x 0 otherwise. Suppose M # A, say, i belongs 
to A\M. If s belongs to S such that j, = i, then r + s qualifies MU {i} for 
membership in 9 which contradicts the maximality of M. Thus A = M 
belongs to 9 for each positive real E and so for some positive infinitesimal E. 
If we identify f,(e) and @‘with subspaces of 1,({ 1,2,..., 19}), then we have 
shown that for each internal subset A of { 1,2,..., 8}, the characteristic 
function of A belongs to I& Since F$’ is closed and r,(0) is the closed linear 
span of characteristic functions of internal sets, we have that @= i,(0) and 
the proof is complete. 
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